J. Appl. Maths Mechs, Vol. 63, No. 3, pp. 359-368, 1999

© 1999 Elsevier Science Ltd

@ Per; gamon All rights reserved. Printed in Great Britain
PII: S0021-8928(99)00047-7 0021-8928/99/$—see front matter

www.elsevier.com/locate/jappmathmech

INVARIANT SOLUTIONS OF RANK TWO
OF THE EQUATIONS OF
THE ROTATIONALLY-SYMMETRIC MOTIONS
OF AN INHOMOGENEOUS LIQUIDf¥

V. K. ANDREYEV and A. A. RODIONOV
Krasnoyarsk
(Received 24 July 1998)

An optimal system of first-order algebras of the system of equations for the rotationally-symmetric unsteady motion of an
inhomogeneous liquid is constructed. New exact solutions of certain factor systems are found which describe motions with free
boundaries or internal non-linear waves. © 1999 Elsevier Science Ltd. All rights reserved.

The problem of finding the invariant submodels of a certain system of differential equations of mechanics
which admit a Lie algebra of operators reduces to constructing the optimal systems of subalgebras of
this algebra of different orders. The method of finding the optimal systems of subalgebras has been
described in [1, 2]. In the case of an infinite-dimensional Lie algebra, the optimal systems of subalgebras
have been calculated [3, 4] in the case of the Navier-Stokes equations for the rotationally-symmetric
motions of a homogeneous liquid and a three-dimensional Euler system. The optimal system of first-order
subalgebras of the system of equations for the rotationally-symmetric motions of an inhomogeneous
liquid is constructed below. Certain factor systems are integrated and a physical interpretation of the
exact result obtained is given.

1. THE OPTIMAL SYSTEM OF SUBALGEBRAS 0,
The equations for the rotationally-symmetric motions of an inhomogeneous liquid in a cylindrical

system of coordinates (r, 6, z)

U+ uu, +wu,—r'2+p7lp, =0

v+ uv, +wu, +rluv=0 1.1

w,+uw, +ww. +plp. =0

pr+up,+wp,=0, u+rlu+w,=0
are considered. Here u is the radial component, v is the tangential component and w is the axial
component of the velocity vector, p is the density of the liquid and p is the pressure (which are all

functions of the variables (¢, r, z)).
The basis of the Lie algebra which is admitted by system (1.1) consists of the operatorsi

X] = a,, X2 = Iaz + aw, X3 = 6,

X4=2rd, + 220, + 19, + ud, + v9, + wo,, + 2pd, (1.2)
Xs=rd, + 20, +19,, X¢=pd,+pd,

X7 =-r2vlp-1o, + 29, Xg(9)=¢(1)d,

The algebra is infinite-dimensional since the operator Xg(¢) contains an arbitrary function ¢(¢), we shall
denote the Lie algebra with the basis of operators (1.2) by L.
One can use the equivalence transformation
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(t,r.z,u,v,w,p,p) = ({t,r,z,u,v,w,p,p)
(1.3)

T=t, z=z+8122, w=w+gt

to describe the unsteady motions of a liquid in a gravity field directed along the z axis, where g is the
acceleration due to gravity. When this substitution is made, the structure of Eq. (1.1) is preserved and
it is only on the right-hand side of the third equation that —g appears. Every exact solution of Egs (1.1)
is translated into an exact solution of the equations of a heavy liquid by transform (1.3).

Sometimes, in oonstructmg a factor system on an operator containing X5, it is convenient to introduce
a new function & = (rv)? which is the square of the angular momentum of a liquid particle around the z
axis. In this case, we shall make use of another way of writing the first and second equations of system (1.1)

W, + uu, +wi,—r3h+pp. =0, hy+ uh, +wh,=0 (1.4)
The operator X; acquires the simpler form
Xy = —29"8,, +r _23,,

In constructing the exact invariant solutions of system (1.1), we shall endeavour to ensure that these
solutions (from the point of view of the admissible groups of transformations) are substantially different.
Such solutions are obtained when solving factor systems constructed on operators from the optimal
systems of algebras. The method of searching for the operators of the optimal systems of subalgebras
has been described in detail in the papers by Ovsyannikov [1, 2].

In forming the optimal systems of subalgebras for the operators (1.2), the commutators of the
operators were first calculated using the formulae [1]

[X;, X;] = Ck Xy = XX)) - X; (X)) (1.5)

Here ij— are structural constants, i, j, k = 1, ..., 8 and the summation is over k. The structure of the
algebra L of the operators (1.2) is investigated using the constants Cf}, and the associated group A4 of
internal automorphisms of the algebra L is calculated.

To do this, an operator of the general form

7
X=%x'X;+Xz(p), XelL
i=1

is considered, where x = (x!, . .., x, @) is a vector of the coordinates of the operator X in the basis
(1.2). Automorphisms Auty, of the algebra L are constructed on each operator X; € L and the action
of these automorphisms on X is found using the formula

2
Auty (a;XX)= x+%{x,x,.]+%"—![[x,x,.], X]+.. (1.6)

where ai = 1, . .., 7) are parameters. Formulae (1.6) determine the coordinates X = (x',...,x’, ¢)
of the transformed operator, which depend on the parameters a; and the vector x, generating the group
Aof automorphlsms The problem of finding the optimal system of subalgebras reduces to constructing
the sets x = (x', . . ., x, @), which are such that none of the vectors can be translated into another
vector by the autmorphlsms of the algebra L [2].

The complete group of transformation of the coordinates of the vector

x> %=@@, .., ¥, ) 1.7)
AR = (- a0 +x5), 22, 23, 18, x5, X8, X7, ¢(1))

Ay %= (x! + a3, x2 — a3, x4, x5, X8, x7, (1))
= (x! — a2, x2, x3 - ay(F + x5), x4, x5, 35, X7, (1 — a3))

~ 4 5 6 6 7 2 -a.
A4:x=(e2“‘x', ex?, e x3, xt, X3, x5, €847, e*%p(e™™t))

- 4 5 6 2 -a
Ag:x=(e"x', 2%, 5P, x*, X, x5, e2x’, gle )
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Ag:x=(x!, 1%, &3, x*, X5, x5, e"x7, e%qr)
Ap: &= (x!, x2, x3, x4, x5, X8, x7 ~ ay(6x* + 245 + X5), 9(2))
Ag: X =(x', 22, 23, X4, X5, 25, X7, 9t) — (2x* + XO)y(1) + (&3 + 1(x* + S)w(D)

is determined in accordance with formulae (1.6). Here A; is the transformation corresponding to
Auty, with the parametera,(i = 1, .. ., 7) and the transformation 4g with the function y(¢) corresponds
to Auty 8)(®) We conclude from the form of the transformations Ag that, if x> = x* + x° = 2% +
2" = 0, then §(t) = @(¢) and, and if x* # O orx* + x° 2 0 orx® + 2¢* # 0, then a function y(?)
can always be found such that ¢(¢) = 0.

The operator X is determined, apart from an arbitrary multiplier; the transformation of general
extension B: x = Px, B = const is therefore admitted in the case of the vector x.

On carrying out a structural analysis of the table of commutators, we note that L = L,_; ® L, where
Ly = {Xy, ..., X7} is a finite-dimensional subalgebra and L, = {X3(¢)} is an infinite-dimensional
subalgebra (the ideal of the algebra L). In turn, L3 = {X;, X;, X3} and L 7 = {X¢, X7} are ideal in
L 5. The following series of ideal is separated out and fixed

Ocily) cller Lo} il s Leai Ly}l (1.8)

According to (1.8), a decomposition of the algebraL = L7, @D L1 s0rL =Ly 357,® L4 5is possible.
This determines the sequence in which the subalgebras (or the coordinates of the vector x) are treated
and the action of internal automorphisms on them. We initially consider L, s with the corresponding
vector (x*¢°). The versions (00), (x*0), (0x°), (x*¢c>),x*# 0,x° # 0 are possible in the case of (x‘&f?). Next,
in L,_s, we consider the vector (x'x’’x"t>) depending on the vectors (xsxs) and the action of the group
A of internal automorphisms (1.7). The result of this step is translated onto L;_; with a vector (x', . . .,
x7) taking account of the action of group A4. Finally, we consider the algebra L with a vector (', . . .,
x’, @) and with the versions obtained for (¢}, .. ., x").

On taking account of further possible transformations from the group of automorphisms and the
transformation of the general extension B of the vector x, we obtain the optimal set of vectors x. It is
a set of substantially different vectors which cannot be translated into one another by the
transformations of the group A4 of internal automorphisms.

The optimal system of subalgebras ©, for Eqgs (1.1), which corresponds to the set of coordinate vectors
x, is

£Xy + 8X7 + Xg(9), X, + €X7 + Xg(9), Xy — X5~ 2X¢ + Xg(9)
€.Xy + X3+ X7, €X5+ VX3 +Xg, VXy + Xg
X + Xg, Xy + X5 + cXg, X5 + Xs— 2Xg + VX, (1.9)
X4+ bXs + cXg, X4+ bXs5—-2(3 + b)Xs+ VX,
VX3 + X4 —Xs +cXg, Vi X3+ X4—Xs5—4Xg + V2Xs
VX, +X4 —2x$ + cX6, lel +X4 — 2X§ - 2X6 +V2X7
3=1{0;1}); g,€,8 ={-1;0;1); v,v|, vy = {-1; 1}
where b and ¢ are arbitrary constants and ¢(¢) is an arbitrary smooth function.
Note that Egs (1.1) admit of the following discrete transforms of their variables
('v U, W) - ("tv -u, —W)’ (P’ P) - (“P» —P)
(Z, W) -> (“'Z, —W), (r’ u) - ('—ri _u)i v— -V
although the second and fourth transforms do not have any physical meaning. The discrete transforms
of the vector x
El N g = (x‘, —‘-xz, _x3, -X-A, xsv XG, x-” (P(—t))
Ey: %=(x, x2, 23, x4, x5, x5, —x7, (1))

Es X= ("xl,"'ng x3, ﬁ’xs’ x6, x7' (p(t))
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where the transforms E; and E, are obtained as identity transforms, correspond to the given discrete

transforms. .
If we take account of the transforms Ej, E,, Es in the optimal system of subalgebras (1.9), we obtain

a set of operators of the form (1.9) in which the constants €, €;, €; have to be put equal to {0; 1} and
the constants v, vy, v, are equal to unity.

2. SOME EXACT SOLUTIONS

Here, we shall only present those factor systems which correspond to the subalgebras from (1.9) which
admit of solutions in quadratures. As a rule, these are systems for which the continuity equation can
be integrated. Since the pressure is determined apart from a term which is an arbitrary function of time,
this function is not taken into account in the final representation for the pressure.

Example 1. We consider the first subalgebra from (1.9) when € # 0, 8 = 0. The invariants of the
operator under consideration determine the form of the solution

w,v,w,p,p)=U,V,W,R, ez0(1) + P)

and the functions U, V, W, R, P depend solely on (¢, r). After substitution into (1.1), we obtain the
equations

U+UU,—r'V2+R'P. =0, V,+ UV, +r''lUV =0

W,+ UW, +€0()R" =0, R,+UR,=0, (rU),=0 @D
The last equation of (2.1) is integrated, and U = C(¢)/r with an arbitrary function C(t).
We now introduce the Lagrangian coordinate & using the solution of the Cauchy problem
drldt=U, rl9=§ (2.2)
Then,
p %
r= [gz +2 (j) C('t)d‘r] (2.3)
It is now seen that the solution of the four equations of system (2.1) can be represented as
V8@, W=t e ®) 06
R=Ry&), P=-[Ry®)nlr, —EVg €)1k
with the arbitrary smooth functions Ro(£), Wo(E), V().
Hence, the solution of the initial system (1.1) is
u=rC@t), v=VE,1n, w=WE,r
(2.5)

' %
p=e0()+PE.1), p=Ry(§); &= [# ~2f C(‘t)d‘l:]
0

and the functions V, W, P are determined by Eqs (2.4).

When C(t) = 0, solution (2.5) describes the unsteady vortex jet flow with a free boundary r(f) =
&, = const (or motion in a tube) along which a pressure g(z, t) = z@(t) + P(&y, t) is applied. If C(¢r) #
0, we obtained a description of the motion of a cylindrical shell with free boundaries r,(t) = r(§,, ),
ry(t) = 1€y 1), (&1 > &), and r(E, t) is determined from (2.3). In both cases, the liquid density has an
arbitrary distribution over the radius: p = Ry(§).

Remark. It can be verified that the factor system (2.1) admits of the equivalence transform
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W W+eyOR™:, o) - o)~y

and the remaining functions and variables are not transformed. On accounts of this, transforms, taking
!
v =~[p)dr
(4]

can be obtained in order that @(f) = 0 and formulae (2.4) and (2.5) are simplified.

Example 2. If e # 0,8 # 0 (¢ = 1), the solution of Egs (1.1), when account is taken of (1.4), can be
sought in the form

(u, h, w, p, p) = (U, H - 2e8zR"1, W, R, P +&z(dr? + (1))

wherc U, H, W, R, P are functions of the variables (¢, 7). Here, it has been taken into account that
g2 = 1. The factor system is then transformed to the form

U+UU,-r3H +RP, =0, H+UH,-2edWR' =0
W,+ UW, +eR 182+ 0()=0, R,+UR, =0, (rU),=0
This system, apart from the transform

H — H-2ed3W(DR™, W W -l (DR
P—P+edu(Or? ¢o—-@+p"@®

has the general solution

C(t) 2W(®), 2
U= , H= dtd H,
&1 Ro®) ' Ro@)” 2(& et 0@

e {1 (2.6)

RO e R-R®

P={Ro®)n [f’g—g—g-’—’ r,, &,»}fs

where C(t), Ry(€), Wo(E), Hy(§) are arbitrary functions and the function r(&, ¢) is defined by (2.3). In
this case, the solution of system (1.1) has the form

[ (R ]%
Ry(E)
w=W(E, 0, p=RE, D =Ry&), p=€dzr&, )+ PE, 1

The Lagrangian coordinate & is determined by the last equality of (2.5).
If C(¢) = 0 (u = 0), then formulae (2.7) describe motion in a tube which exists, generally speaking,
for a finite time and the derivatives of the velocity component v(r, ¢) are destroyed.

=Wy (§)-

u=UE,", v=

&1 (2.7)

Example 3. We will now write the factor system for the operator (X, + eX; + Xg(¢)). If € = 0, then
the invariants of the operator determine the form of the solution

wv,w,p,p)=U,V,W+zr' R, P+ @(t)zt)
where the functions U, V, W, R, P depend on (¢, r). After substitution into (1.1), we obtain the equations

U +UU,~r\V2+RIP. =0, V,+UV,+rUV=0
W,+ UW, +r'W + Ry o) = 0
R, +UR.=0, (¢}, +r'r=0
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This system can also be integrated. Actually, apart from the transform
WoW+yRl, ¢ o-(y)
we obtain

_ren, CO L _th® 1
T2 +r(&,t)’ v rE.’ W tw"(E')

2
R=Ry®), P=-] Ro(&)"g(’u —%”é—(%))dﬁ

The function r(&, t) is defined by the equality
H,a A% &
r= ;-(g +2f tC('c)dt) (28)
1

The physical quantities are given by the formulae
u=UGE, 0, v=8u®r'E€. 0, w=WE n+r'z
P= P(g, ), p= Ro(g)

When C(t) = 0, solution (2.9) describes the unsteady vortex jet flow with a free boundary r(t) =
E,/Nt along which a pressure g(z, £) = z¢(f) + P(E,, f) is applied. If C(f) # 0, we obtain the motion of
a cylindrical layer with free boundaries

n®=rE&, N, nM=rE,n & >&)
Example 4. If € # 0 the solution of Egs (1.1) and (1.4) can be sought in the form

(2.9)

(u,h,w,p,p)=(U,H -2ze(R)", W+, R, 27 (er’? +p(t))+ P)
where U, H, W, R, P are functions of the variables (¢, r). In this case, the factor system is
U,+UU,-r H+R'P. =0, H +UH, -2eW(R)"' =0
W, +UW, +17'W+ (R er? + ¢(1) =0
R, +UR, =0, (rU), +rt' =0
Apart from the transform
H-— H+2eu()R™', W > W' ()R
P— P+ep(t)r?, ¢ - o+ @)y
the general solution has the form

€ j 1 } dodt }
Ry(®)1 721 r*(5,0)

&), €O e f1
==ty HH® 2{tWo(§)+

gy & f 1 ]
W= O ® e R R©®
P=| Ro(g)"g[ ,’.ﬁé 3 - r,,(é,r)]da

The function (&, ¢) is defined by (2.8). The components of the velocity vector, the density and the pressure
are determined in this case using the formulae
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/s
u=UGRn), v = : [H(é.t)——z-gi-]

rE,1) Ry(E) 2.10)
- 2, = '
W"w(g»t)"' P P Ro(g), p r2(§,t)t+P(§,t)

This motion is similar to motion (2.7) and is destroyed after a finite time.

Example 5. In the case of the operator (vX, + X;) (v* = 1) from the optimal system of subalgebras
(1.9), the invariant solution has the form

(w,v . w,p,py=U, V. W+ 27, exp(th‘l )R, exp(vzt"1 )P)

with the functions U, V, W, R, P of two variables (¢, r). Equations (1.1) are written in the new variables
as

U, +UU, -V +R'P =0, V,+UV,+r'UV=0
W, +UW, +1'W+Vv(tR) "' P=0 (2.11)
R +UR, +Vvt"'WR=0, (rU), +n™" =0

It is found that system (2.11) can be reduced to a single non-linear, non-classical third-order equation.
Actually, as in Examples 3 and 4, we have

L (25 B4 ) M 4/ ((3)
2 &’ &1

The function r(§, ¢) is given by (2.8). Furthermore, in the coordinates &,

w=_YR p_ ﬁfr_] (2.12)
t

Now, from the first equation of system (2.11), we obtain one equation in R(&, f)

2 2y2
t°R E*V,
HT),L*(’”‘ )"M

1

which, by means of the substitution R = expQ, ¢t = 17, is reduced to the form

_EVE)+EC ke, 3 (2.13)
Queg + 00 = AEDt PG 4 %

Equation (2.13) is somewhat simplified after the substitution & — £%2. However, even for the case
when Vy = 0, C = 0, it is still not possible to construct a sufficiently wide class of exact solutions.
Nevertheless, we shall point out one simple solution of Eq. (2.13) in the case when

2 .3
=a32-——+T+c
Q=ay gttt

where a, ¢, ¢, are constants. The interpretation of this solutions is the same as in Example 3.
Using the known function Q(&, ), the physical quantities are recovered using the formulae

u=UE,n, v=VE01», w= -vtQ, + P
p=exp(vzt™ +Q), p=(2Q), exp(vzt™' +Q)

Example 6. We now consider the subalgebra (eX; + X;) when € # 0. The invariant solution in this
subalgebra must then be sought in the form
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(u,v,w,p,p)=U,V,W, Rexp(ez), Pexp(€z)) (2.14)

where U, V, W, R and P depend solely on ¢, r (the case when € = -1 corresponds to stable stratification).
After substituting (2.14) into system (1.1), we obtain the factor system

~1y72 -lp _ -y =
U +UU,-r"V°+R P =0, V,+UV,+r Uv=0 (2.15)
W,+UW, +eR'P=0, U, +r'U=0, R +UR, +eWR=0

In turn, Eq. (2.15) can also be reduced to a single non-linear third-order equation which only differs
from (2.13) in its right-hand side. We introduce the new independent variables and functions

() Ew®

, V= 2.16
I (216)
W=-eQ,, R=expQ, P=Q,expQ

where Vy(€), C(t) are arbitrary functions. Then Q(&, ¢) satisfies the equation
O + Q0 = BE.1) (2.17)

r= (& +2[Cydryh, U=
0

where

EVEE)+EC () EC(D) (2.18)
r*E.n )
Hence, the solution of the form of (2.14) is completely defined if the function Q(E, ¢) is known. The
existence of a simpler right-hand side enables one to construct several exact solutions of Eq. (2.17).

We now assume that C(f) = 0 (there is no radial flow). In this case, solution (2.14) describes motion
in a cylindrical tube, the function B in (2.18) depends solely on r = £ and the substitution

n=[BE)dE

B(é’t) =

reduces (2.17) to the equation
Om +0Qn0, =1 (2.19)

This equation has a solution in the form of a travelling wave
Q=F®&), {=n+Pr, B=const
Here, F is the solution of the third-order equation
F”+FF"=p7

which, by means of the substitution F = InN?, can be reduced to a linear Airy equation

N”—(E[%-+CJN=O

where ¢ is a constant of integration. We have

N= \/;[Cllm(%‘fyz)"' C2K1/3('§'73/2):|1 Y= (4ﬁ4)”3(5§7 + C) (2.20)

where C;, C, are constants and {y3, Ky 3 are modified Bessel functions. Note that ordinary Bessel functions
have to be taken in formula (2.20) in the case of negative vy, and the solution will oscillate.
We now present the expression for the density

p =N exp (€2)

and the lines of equal density are z = —¢ In N2,



Equations of the rotationally-symmetric motions of an inhomogeneous liquid 367

In the case of other functions C(¢) which are non-zero, it is quite difficult to obtain solutions of Eq. (2.17)
in explicit form. However, it is possible to choose Vy(§) and C(¢) simultaneously when the right-hand side
of Eq. (2.17) depends solely on  or is equal to zero. To do this, it is necessary to satisfy the equality

[ t t 2
EVEE)+EC ()~ &[&’ +2f C(t)dt]C’(t) = B(§){§4 +4E2[C(r)dt + @( f C(t)dt) J
o 1] 0

for any &, ¢. This equality is satisfied if
BE) = BiE, V2 =ByE? -, C(f) = asin(2y/Byt + )

where By > 0 and o, @ are constants. If By < 0, then

Vi = BEr +a’t?, C(t)=0sh(2,| B, It + @)

Note that B(E) = Oonly when C(f) = o + o, Vi = o — 0% ™2
We now consider in somewhat greater detail the case when the right-hand side of Eq. (2.17) is equal
to zero. When B = 0, Eq. (2.17) reduces to the second-order ordinary differential equation

Qu-dt)exp (-Q)=0 (2.21)
where d(t) > 0 is a certain function. We now add the initial conditions
Q(,0)=1nRy(§), Q,(E,0)=—ewy(E) (2.22)

to (2.21).
We assume that d(f) = dy > 0 is a constant; it is then possible to write the solution of the Cauchy
problem (2.21), (2.22) in the form

Q= ln{—} chz[@t +arcch(y/aR, (§))]} ,

_wm®, 1

2dy  Ro(®)

For such a solution to exist, it is sufficient that the Froude number

_ minlwy(&)!
or min(1/Ry(§)) = 1.

We assume that € = -1 (stable stratification) and in (2.21) put
d(t)=hexp(ht*12), Q=D+ht*/2; h = const>0
Then D(E, ¢t) is the solution of the Cauchy problem
D, = h(exp(-D)~1), D(E,0)=InRy(€), D,(§,0)=wo (&) (2.23)

We now make the substitution

2
= = . = ————wo (g) —-——-1 -—
o=+ht, D=Z+HE); HE) oh + ® +InRy(§)-1

The function Z then satisfies the equation
Z2/12=1-Z-exp(~Z - H(E)) (2.24)

It can be seen that, when H > 0 (it is sufficient to require that the Froude number Fr = 1), Eq. (2.24)
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has a solution which is periodic in 6, Z; < Z < Z,, where Z; < 0, Z, < 1 are the roots of its right-hand
side. Each liquid particle oscillates when its own period, since Z;, Z, depends on &. Hence, in this case,
solution (2.14) describes non-linear internal waves of various forms.

A further, simple solution of Eq. (2.17) is possible when B = 0. In fact, suppose that Qr = 0 (the
pressure vanishes when Q,, = 0). Then, in (2.16), it may be assumed that Q(¢) is an arbitrary function
of time. Taking Q = g(t), where g(?) is a periodic function and g, > 0, we obtain, in (2.14), a longitudinal
velocity, density and pressure which are periodic in time.
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